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ELEMENTS OF UNIFORMLY BOUNDED WORD-LENGTH
IN GROUPS
YANIS AMIROU
Abstract. We study a characteristic subgroup of finitely generated
groups, consisting of elements with uniform upper bound for word-
lengths. For a group G, we denote this subgroup Gbound. We give
sufficient criteria for triviality and finiteness of Gbound. We prove that if
G is virtually abelian then Gbound is finite. In contrast with numerous
examples where Gbound is trivial, we show that for every finite group A,
there exists an infinite group G with Gbound = A. This group G can
be chosen among torsion groups. We also study the group Gbound(d)
of elements with uniformly bounded word-length for generating sets of
cardinality less than d.
1. Introduction
Let G be a finitely generated group and S = {s±11 , . . . , s
±1
k } a finite sym-
metric generating set of G. The word-length of an element g ∈ G with
respect to S is denoted lS(g). It is the minimal integer n such that there
exists si1 , . . . , sin in S satisfying g = si1 . . . sin .
It is clear that the word-length depends on the generating set S. If S1
and S2 are two finite generating sets of G, then the word-lengths lS1 and
lS2 are bi-lipschitz equivalent. This means that there exist two constants
C1 and C2, such that C1lS2 ≤ lS1 ≤ C2lS2 . Given a positive function
l : G → R, bi-lipschitz equivalent to lS , one can ask when l is realisable as
lS1 for some finite generating set S1 of G. There are numerous obstacles for
such l to be realisable. One of such obstacles can be formulated in terms
of uniform exponential growth, see for example [5, 6, 8, 14, 15]. Another
possible obstacle is uniform non-amenability see [3, 19, 20].
In this paper, we show that in some groups the value of l at one single
element can be an obstacle for l to be a word-length. Our goal is to study
such elements.
Definition 1. An element g ∈ G has uniformly bounded word-length if there
exists a constant M > 0 such that lS(g) < M for every finite generating set
S of G. The set of elements of uniformly bounded word-length of G is
denoted Gbound.
We recall that a characteristic subgroup H of a group G is a subgroup
such that for every automorphism φ of G, φ(H) = H.
Key words and phrases. Word-length, word metrics, characteristic subgroups, FC-
center, virtually abelian groups, torsion groups, group identities, Burnside groups, hy-
perbolic groups.
This work is partially supported by the ERC grant GroIsRan.
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We recall that the FC-center of a finitely generated group G is the set of
elements of G with finite number of conjugates. We denote it FC(G). It
follows from the definition that the FC-center is a characteristic subgroup of
G. It is known that every finitely generated group G such that FC(G) = G
is virtually abelian, (see for instance [22], Theorem 4.32).
In fact, Gbound is a characteristic subgroup of G contained in FC(G), see
Lemma 1 in Section 2. It follows that every finitely generated subgroup of
Gbound is virtually abelian see Corollary 3. In Section 3 we give a sufficient
criteria for triviality of Gbound in terms of girth of G. Combining this condi-
tion with a result of Olshanskii and Sapir concerning the girth of hyperbolic
groups, see Theorem 2 in [18], we obtain that Gbound is trivial when G is
non-elementary hyperbolic.
The main result in Section 4 is that if G is a finitely generated virtually
abelian group, then Gbound is finite.
This implies that for every finitely generated infinite group G, the subgroup
Gbound has infinite index, see Corollary 6.
In Section 5, we prove the following.
Theorem. Let A be a finite group, there exists a finitely generated infinite
group G such that Gbound = A. This group can be chosen among torsion
groups.
In Section 6, we provide examples of elements with prescribed length in
finitely generated groups. In Section 7, we study a generalization of Gbound
by fixing the cardinality of the considered generating sets in the definition
of Gbound .
It seems natural to ask whether there exists a finitely generated group G
such that Gbound is infinite.
2. Basic properties
As we have mentioned, a straightforward corollary of the definition of
Gbound is:
Lemma 1. Gbound is a characteristic subgroup of G.
Proof. It is clear that e ∈ Gbound. Consider g ∈ Gbound. We have supS lS(g) =
supS lS(g
−1) because lS(g) = lS(g
−1). Therefore, if g ∈ Gbound, then
g−1 ∈ Gbound.
Consider now g1, g2 ∈ Gbound. We denote m1 = supS lS(g1) and m2 =
supS lS(g2).
For every finite generating set S, we have
lS(g1g2) ≤ lS(g1) + lS(g2) ≤ m1 +m2.
Thus, g1g2 ∈ Gbound. Hence, Gbound is a subgroup of G.
Let us consider g ∈ Gbound, S = {s1, . . . , sk} a finite generating set of
G. There exists an expression g = si1 . . . sin where sij ∈ S for every
1 ≤ j ≤ n. Given an automorphism A of G, we have A(g) = A(si1 . . . sin) =
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A(si1) . . . A(sin) and the set A(S) = {A(s1), . . . , A(sk)} generates G. We re-
mark that lA(S)(A(g)) = lS(g). For a finite generating set E ofG, lE(A(g)) =
lA−1(E)(g). We conclude that ifm = supS lS(g), then lE(A(g)) = lA−1(E)(g) ≤
m. It implies that A(g) ∈ Gbound and Gbound is a characteristic subgroup of
G. 
Lemma 2. Let G,H be two finitely generated groups such that there exists
pi : G→ H a surjective morphism. We have
pi(Gbound) ⊂ Hbound.
Proof. We denote N = ker(pi). Let T ′ be a finite generating set of H, and
T = {t1, . . . , tn} a transverse of T in G. Let S = {si}1≤i≤k be a finite
generating set of G. For i ∈ {1, . . . , k}, if pi(si) 6= eH then there exist a word
wi on T such that si = wibi, here bi ∈ N . If pi(si) = eH for some i, then we
chose bi = eG. The set E = T ∪ {bi}1≤i≤k generates G. For g ∈ Gbound, we
have lT ′(pi(g)) ≤ lE(g) ≤M where M is the uniform bound of the length of
g. Since this inequality holds for every finite generating set T ′ of H, then
pi(Gbound) ⊂ Hbound.

Corollary 1. If G = A×B, then Gbound ⊂ Abound ×Bbound.
Proof. Consider the standard projections pi1 : G → A and pi1 : G → B.
Using Lemma 2, we conclude that Gbound ⊂ Abound ×Bbound. 
For some groups we do not have equality (A×B)bound = Abound×Bbound
as we see in the following example.
Example 1. Consider A = Z and B = Z/qZ where q is an integer such that
q > 1, G = A×B. We have Gbound trivial and Abound×Bbound = {0}×Z/qZ.
Indeed, since Bbound = B, the element (0, 1) is contained in Abound×Bbound.
Let p be a prime number such that p > q + 1. It follows that S =
{±(p, 1),±(q + 1, 0)} is a generating set of G. Hence,
(0, 1) = (q + 1)(p, 1) − p(q + 1, 0).
Consequently, we have lS(0, 1) = p+q+1. This implies that lS(0, 1) tends to
infinity when p tends to infinity. Thus, (0, 1) is not in Gbound. It follows that
{0}×B, which equals {0}×Bbound is not contained in Gbound. Consequently,
Abound ×Bbound is not a subgroup of Gbound.
Lemma 3. Let G be a group generated by n elements and g ∈ Gbound. We
have |Aut(G).g| ≤ nM where M = supSlS(g).
Proof. Consider g ∈ Gbound and M = supSlS(g). Let S be a generating set
of G such that |S| = n. For every automorphism A ∈ Aut(G), the set A(S)
generates G and lA(S)(A(g)) = lS(g). This implies
lS(A(g)) = lA−1(S)(g) ≤M.
We conclude that the orbit Aut(G).g is include in BS(M) the ball of ra-
dius M in G with respect to lS . We know that |BS(M)| ≤ n
M . Finally,
|Aut(G).g| ≤ nM .

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We will use Lemma 3 for finite groups like in the proof of Proposition 1.
But in the case of infinite groups, Lemma 3 implies that if the Aut-orbit of
an element g is infinite then g /∈ Gbound. Notice that the converse is false.
In fact every element of G = Z have a finite Aut-orbit, but Gbound is trivial,
as will be shown in Lemma 7.
Corollary 2. If G is a finitely generated group, then Gbound is a subgroup
of FC(G).
Proof. Since elements of FC(G) are those which have finite orbit under the
action of Inn(G), it follows from Lemma 3 that Gbound ⊂ FC(G).

We mention that some finitely generated groups can have a large FC-
center. For example a class of FC central extensions of Z ≀Z/2Z is rich, and
contains groups with arbitrily large Foelner function (see Brieusel Zheng
[13], see also [2]).
Corollary 3. Let G be a finitely generated group. Every finitely generated
subgroup of Gbound is virtually abelian.
Proof. Let H be a finitely generated subgroup of Gbound. Since (FC(G)∩H)
⊂ FC(H) and H ⊂ Gbound ⊂ FC(G), then H ⊂ FC(H). Therefore,
H = FC(H). The claim that H is virtually abelian follows from Theorem
4.3.1 in [22]. This theorem asserts that a finitely generated group G such
that FC(G) = G is virtually abelian.

3. Groups with infinite girth
Consider a group G generated by a finite set S. We recall that a simple
loop in the corresponding Cayley graph Γ(G,S), is a non-trivial path starting
and ending at e without self intersections. The girth of a Cayley graph
Γ(G,S) is the minimal length of a simple loop in this graph. A group has
infinite girth if for every fixed constant k > 0, there is a finite generating
set S of G, such that the girth of Γ(G,S) is greater than k.
Lemma 4. Let G be a finitely generated group with finite generating set S
and Γ(G,S) the corresponding Cayley graph. Suppose g ∈ G an element of
order n and w a word with respect to S representing g with minimal length
k. Consider w′ the shortest word among conjugates of w. The path obtained
by concatenation of n times w′ is a simple loop.
Proof. Suppose that w′ = uwu−1 is the shortest word among conjugates of
w. Assume that there exist a sub-word of w′n having the form ss−1 where
s ∈ S, then there exists a sub-word w′′ of w′ satisfying w′ = sw′′s−1. It
follows that there exists a word u such that w = u−1sw′′s−1u and we obtain
that w′′ is a shorter conjugate of w than w′. It is a contradiction. We
conclude that w′n is a simple loop. 
Lemma 5. If a group G has infinite girth, then Gbound does not contain
torsion elements.
ELEMENTS OF UNIFORMLY BOUNDED WORD-LENGTH IN GROUPS 5
Proof. Consider g ∈ G, such that there exists a minimal integer n(g) > 1
satisfying gn(g) = e. Assume that g ∈ Gbound. There exists some constant
M > 0 such that for every finite generating set S = {s1, . . . , sm} of G,
we have lS(g) ≤ M . Therefore, for every generating set S of G, we have
lS(g
n(g)) ≤ n(g)M . We know that there exists a word w over S, representing
g, such that w = si1 . . . sik corresponding to a path starting at e and ending
at g in the Cayley graph Γ(G,S). Let w′ be the shortest word among
conjugates of w. The path corresponding to the concatenation of n copies
of the word w′ . . . w′, starts and ends in e. It is a non-trivial simple loop
as shown in Lemma 4. Therefore, for every finite generating set, we have a
loop of length bounded by n(g)M . It contradicts the infinite girth of G. 
Corollary 4. If G is a finitely generated torsion group with infinite girth,
then Gbound is trivial.
There are numerous examples of groups satisfying Lemma 5. It is the
case for the first Grigorchuk group. In fact, this group is a torsion group see
Theorem 2.1 in [11], (see also Chapter 8, Theorem 17 in [5]) and has infinite
girth as shown in corollary 6.12 in [4].
But a stronger statement holds for the first Grigorchuk group. We denote
G the first Grigorchuk group. This group has trivial FC-center. In fact, it is
a ”just infinite” group, see Theorem 8.1 in [11]. It means that every normal
subgroup has finite index. Since the FC-center of G is a normal subgroup
of G, if it is non-trivial, then it has finite index. This implies that FC(G) is
finitely generated. Since finitely generated subgroups of the FC-center are
virtually abelian, we can conclude that FC(G) is virtually abelian. Since
finitely generated infinite abelian groups contain elements of infinite order,
and since the first Grigorchuk group is a torsion group, we conclude FC(G)
is trivial.
However, there are examples with non-trivial FC-center and the Lemma
5 remains applicable. We want to prove that it is the case for hyperbolic
groups.
We recall that a finitely generated group is hyperbolic if every geodesic
triangle in its Cayley graph is δ-thin. This means that for a geodesic trian-
gle, every side is contained in the δ-neighbourhood of the union of the two
other sides. A hyperbolic group is said elementary if it is virtually cyclic or
finite. For properties of hyperbolic groups see [12], see also [10].
Lemma 6. If G is a non-elementary hyperbolic group, then FC(G) is finite.
Proof. We know that a subgroup of a hyperbolic group is infinite if and
only if it contains a hyperbolic element (i,e element of infinite order), see for
example Corollary 36, Chapter 8 in [10]. We know also that if h ∈ G is a
hyperbolic element, we can find an integer n1 ∈ N and x ∈ G such that the
subgroup generated by {xhn1x−1, hn1} is free of rank two, see proposition
5.5 in [14]. Since FC(G) is normal in G, it follows that if FC(G) is infinite,
it contains a free subgroup of rank two. This is impossible because, by
definition, every element of FC(G) has finitely many conjugates.
We conclude that FC(G) is finite. 
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Corollary 5. Non-elementary hyperbolic groups have trivial Gbound.
Proof. Since Gbound ⊂ FC(G) as shown in Lemma 2, we conclude that
Gbound is finite. It is known that non-elementary hyperbolic groups have
infinite girth see Theorem 2.6 in [1]. Therefore, it follows from Lemma 5
that Gbound is trivial. 
4. Virtually abelian groups
Lemma 7. If G is an infinite finitely generated abelian group, Gbound is
trivial.
Proof. Since G is a finitely generated abelian group, there exist integers
{p1 ≤ p2 ≤ · · · ≤ pn} such that G is isomorphic to Z
d×Z/p1Z× ...×Z/pnZ
with minimal n. Therefore, we will prove that groups of this form have
trivial Gbound. We consider G = Z
d × Z/p1Z × ... × Z/pnZ and A = Z ×
Z/p1Z× ...× Z/pnZ.
For every i ∈ {1, . . . , n}, we have the standard projection pii : G→ Z×Z/piZ
which is a surjection;. From Example 1, every group of the form Z× Z/nZ
for n ∈ N have trivial Gbound. Using Lemma 2, we conclude that G have
trivial Gbound. 
Notice that for every abelian group G, the subgroup Gbound is trivial and
FC(G) = G.
Proposition 1. If G is a finitely generated virtually abelian group, then
Gbound is finite.
Proof. Assume that H = Zd is a normal subgroup of G, such that G/H
is finite. We can suppose that H is a normal subgroup of G. We want
to prove that Gbound ∩ H is trivial. If g ∈ H\{e}, then there exists an
integer N > 1 such that for every prime p > N , g /∈ Hp. If p is coprime to
|G/H|, then G/Hp is a semi-direct product of the elementary abelian group
H/Hp and G/H. This is a consequence of Schur-Zassenhaus Theorem, see
for example Theorem 7.41 in [23]. Hence, every automorphism x → xk
of H/Hp where (k, p) = 1 extends to an automorphism of G/Hp. Indeed,
the morphism Fk : G/H
p → G/Hp such that Fk(x, y) = (x
k, y) verifies
Fk(x, y)Fk(a, b) = (x
k(ak)y, yb) = Fk(xa
y, yb) where ay = y−1ay. It is clear
that it is an automorphism when k is coprime to p. This implies that the
sizes of the Aut-orbits of the images of g in G/Hp are unbounded if p→∞.
Consider a generating set S of G, we denote S′ the projection of S in G/Hp.
Consider an element g ∈ Gbound ∩ H, M > 0 the uniform bound for the
length of g in G and g′ the projection of g in G/Hp. we have
lS′(g
′) ≤ lS(g) ≤M.
Hence, the length of g′ is uniformly bounded by M . Since, automorphisms
of Z/pZ are the morphisms of the form x → xk with k coprime to p, and
H/Hp = (Z/pZ)d, for every distinct integers k, k′ < p, the corresponding
automorphisms Fk, Fk′ are distinct. These automorphisms have no fixed
points except trivial element in H/Hp. This implies that the cardinality of
the Aut-orbit of g′ is at least
p
|G/H|
in G/Hp which is unbounded when
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p→∞. This contradicts Lemma 3. We conclude that H ∩Gbound is trivial
and since G/H is finite, Gbound is finite. 
It seems interesting to explore the group where the argument of Propo-
sition 1 applies. We ask in this context : is Gbound finite for any virtually
nilpotent group G?
Corollary 6. Let G be a finitely generated group. Either Gbound has infinite
index or G is finite and we have equality G = Gbound.
Proof. Suppose that G is infinite and Gbound has finite index. It implies
that Gbound is infinite and finitely generated. From Lemma 2, we know that
in this case, Gbound is virtually abelian. Therefore, G is virtually abelian.
Nevertheless, we know that if G is virtually abelian, Gbound is finite. It is a
contradiction. As a consequence, Gbound has infinite index if and only if G
is infinite. Finally, if G is finite, then for every g ∈ G and every generating
set S of G, lS(g) ≤ #G and we conclude that Gbound = G. 
The following example gives a virtually abelien groups with non-trivial
Gbound. We denote D8 the dihedral group with 8 elements.
Example 2. The group G = Z×D8 has non trivial Gbound. This group is non-
abelian and nilpotent of class 2. The center of D8 is C(D8) = Z/2Z = {0, z}.
Let S be a finite generating set of G. Since G is non abelian, there exist
x = (a, u), y = (b, v) ∈ S such that [x, y] 6= e. Since D8 is nilpotent of
class 2, ∀u, v, w ∈ D4 we have [[u, v] , w] = e. Therefore, ∀r ∈ D8, we have
[[x, y] , (0, r)] = (0, [[u, v] , r]) = (0, e) then, [u, v] ∈ C(D4) \ {0} = z. It
implies that
lS(0, z) = lS(0, [u, v]) = lS([x, y]) ≤ 2lS(x) + 2lS(y) = 4.
Therefore, (0, z) ∈ Gbound and Z/2Z ⊂ Gbound.
5. Groups with prescribed finite Gbound
Theorem 1. Let A be a finite group, there exists a finitely generated infinite
group G such that Gbound = A. This group can be chosen among torsion
groups.
Proof. We consider G = H ×A where H is an infinite Burnside group such
that Hbound is trivial and the order of its elements is coprime to |A|. Our
goal is to show that Gbound = {e} ×A.
For example we can chose asH the free Burnside groupB(2, p) =< a, b|xp, x ∈
F2 > such that p is a prime number satisfying p > max{|A|, 665}. A result
of Novikov and Adian [21] implies that this group is infinite. It was shown
in [21] that the centraliser of every elements in B(2, p) for large odd p is
cyclic, see also Theorem 19.5 in [17]. This implies that the FC-center is
trivial. Hence, in this case B(2, p)bound is trivial.
A more general class of examples of the form H × A is as follow. Observe
that any infinite Burnside group have an infinite quotient with trivial FC-
center. Indeed, a result of Duguid and Mclain, see [7] and [16], says that a
finitely generated group G has an infinite quotient H with trivial FC-center
if and only if G is not virtually nilpotent. For an exposition of this result, see
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also [9]. It is well known that finitely generated torsion virtually nilpotent
groups are finite, see for example proposition 2.19 in [15].
First, let us show that A ⊂ Gbound. Let g = (h, a) be an element of G.
We denote q the order of a in A. We have gp = (hp, ap mod q) = (e, ap mod q).
There exist α ∈ N and β ∈ Z such that αp + βq = 1 and α ≤ q. It implies
that gαp = (e, a).
Let piA : H × A −→ A, piH : H × A −→ H be the standard surjections.
Consider a finite generating set SG = {(h1, a1), . . . , (hn, an)} of G, we denote
si = (hi, ai). The set piA(SG) = SA = {a1, . . . , an} is a generating set of A.
Consider a word w = si1 . . . sin over SG with minimal length such that
piA(w) = a, i.e ∃h ∈ H such that w = (h, a) = (h, ai1 . . . ain). It follows that
lSG(w) = lSA(a). Since w
αp = (e, a), we have
lSG(e, a) ≤ αplSG(w) ≤ αplSA(a) ≤ αp#(A) ≤ qp#(A) ≤ p#(A)
2.
Since this is true for every generating set SG of G, we conclude that (e, a) ∈
Gbound and {e} ×A < Gbound.
From Corollary 1, we have Gbound ⊂ Hbound × A and Hbound is trivial, we
conclude that Gbound = A.

Remark 1. Notice the following:
(1) In the group G considered in Theorem 1, the finite subgroup A is
contained in the ball of radius p#(A)2 of every Cayley graph Γ(G,S)
where S is a finite generating set of G.
(2) H and G are commensurable but Hbound = {e} and Gbound = A
which is non-trivial.
6. Elements with prescribed length
Consider a finitely generated group G, an element g ∈ G \Gbound and an
integer k > 0. We want to answer the following question: can we construct
a generating set S of G, such that lS(g) = k?
For example: G = Z2. We denote g = (1, 0). Given n ∈ N and S =
{(±1, n), (0,±1)}, we have
lS(g) = lS((1, n) + n(0,−1)) = n+ 1.
The answer is positive for non-trivial elements of free groups.
Example 3. Let g ∈ Fk be a non trivial element and an integer l. There
exists a generating set E of Fk such that lE(g) = l + 1.
In fact, consider g ∈ Fk, l ∈ N \ {0}, p = 2l + 1, S = {x1, . . . , xk} the
standard free generating set of Fk and u, v two distinct prime numbers, such
that v > u > p. We denote A = {xui , x
v
i }1≤i≤k and E = {g
2, gp} ∪ A. This
is clearly a generating set of Fk because {x
u
i , x
v
i }1≤i≤k generates S. Let us
prove that g = gp−2l is the shortest expression of g with respect to E. Since
S is a free generating set of Fk, if an element xj is used for the shortest
expression of g with respect to E, then there exists an expression of g with
respect to A such that lA(g) < l + 1. This means that
g = x
ni1
i1
. . . x
nim
im
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where nij ∈ Z. Notice that this expression is unique. It follows that there
exists αj , βj ∈ Z such that αju+ βjv = nij and minimal |αj |+ |βj |. Hence
the shortest expression of g with respect to E is
g = xα1u+β1vi1 . . . x
αmu+βmv
im
.
It follows that lE(g) =
∑m
j=1 |αj |+ |βj |. We have |αj | =
|n
ij
− βjv|
u
. When
v > 3niju, lA(g) > l+1. In this case, g = g
p−2l is the shortest expression of
g with respect to E and lE(g) = l + 1.
We can use the same argument in order to prove that the length of ele-
ments of free abelien groups Zd can be prescribed.
Example 4. Let g ∈ Zd be a non trivial element and an integer l. There
exists a generating set E of Zd such that lE(g) = l + 1.
In fact, consider S = {z1, . . . , zn} a free abelian generating set of Z
d. Con-
sider A = {uzi, vzi}1≤i≤k and E = {2g, pg} ∪ A where p = l + 1 and u, v
two prime numbers such that v > u > p. using the same argument as in the
precedent example, we obtain that the shortest word representing g with
respect to E is g = (p − 2l)g. It follows that lE(g) = l + 1.
7. Generalization: Gbound(d)
We denote m(G) the minimal number of elements contained in a sym-
metric generating set of G.
Definition 2. Let G be a finitely generated group.
Gbound(d) = {g ∈ G| ∃ M > 0 such that for every finite generating set S of
G with cardinality less or equal to d, lS(g) ≤M}.
It is clear that for d ≥ m(G),
Gbound ⊂ Gbound(d) ⊂ Gbound(d− 1) · · · ⊂ Gbound(m(G))
and Gbound = ∩d≥m(G)Gbound(d).
7.1. Properties.
Lemma 8. For every d ≥ m(G), the following properties of Gbound remain
true for Gbound(d):
(1) It is a characteristic subgroup of G.
(2) It is contained in FC(G).
(3) Every finitely generated subgroup of Gbound(d) is virtually abelian.
Proof. Consider an element g ∈ Gbound(d). There exists a constant m > 0
such that for every generating set of cardinality less or equal to d, lS(g) ≤ m.
Given an automorphism A of G, and a generating set E of G we have seen in
Lemma 1 that lE(A(g)) = lA−1(E)(g) ≤ m. The generating sets A
−1(E) and
E have the same cardinality, in particular this is true if the automorphism
A is a conjugation. Using the same argument as in Lemma ??, it follows
that for every d ≥ m(G), we have Gbound(d) is a subgroup of FC(G). As we
showed in Corollary 3 and Lemma 6, property (3) is a direct consequence of
property (2). 
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Corollary 7. We have the following:
(1) Every non-virtually cyclic (resp non-cyclic torsion free) hyperbolic
group G has trivial Gbound(d) for every d ≥ m(G) + 1 (resp d ≥
m(G)).
(2) If G is the first Grigorchuk group, then for every d ≥ m(g), Gbound(d)
is trivial.
Proof. (1) Consider a non-virtualy cyclic (resp non-cyclic torsion free) hy-
perbolic group G. A consequence of Theorem 2 in [18] is that for every
d ≥ m(G) + 1 (resp d ≥ m(G)), G has a sequence of generating sets of car-
dinality d, {Si(d)}i∈N, such that the length of minimal loop in the Cayley
graph Γ(G,Si(d)) is greater than i. We use the same argument as in Lemma
5 to conclude that Gbound(d) can not contain torsion elements. Using the
fact that the FC-center of a hyperbolic groups is finite, and the fact that
Gbound(d) ⊂ FC(G), we obtain that Gbound(d) is trivial.
(2) Let G be the first Grigorchuk group. It is known that G is ”just infinite”
see Theorem 8.1 in [11]. Therefore, if FC(G) is non-trivial, then it has finite
index. It follows that FC(G) is finitely generated and virtually abelian, see
Theorem 4.3.1 in [22]. As a consequence, G is a virtually abelian group.
Since G is a finitely generated torsion group, it can not be an infinite virtu-
ally abelian group. It is a contradiction. We conclude that FC(G) is trivial.
The fact that for every d ≥ m(G), we have Gbound(d) ⊂ FC(G), implies
that Gbound(d) is trivial.

7.2. Examples.
Proposition 2. Consider G = Zd.
(1) For d = 1, if m = 2, Gbound(m) = G else Gbound(m) = {0}.
(2) For d ≥ 2 and m ≥ 2d, Gbound(m) = {0}.
Proof. (1) Consider d = 1 and G = Z. The generating set of Z with
cardinality 2 is S = {±1}. In this case, the length of an integer n ∈ Z \ {0}
is lS(n) = n and Gbound(2) = Z.
Let p, q be two different prime numbers. There exist a, b ∈ Z such that
ap+ bq = n. For every integers K > |n|, p > K + 1 and q > p!, we have:
|a| =
|bq − n|
p
≥ |
bp!
p
−
n
p
| ≥ |b(p− 1)! − 1| ≥ K!− 1 ≥ K.
We know that S = {±p,±q} is a generating set of Z and lS(1) = |a| + |b|.
From this, we conclude that for every integers n ∈ Z and K > |n|, there
exists a generating set S such that lS(n) > K. It implies that for m ≥ 4,
Gbound(m) = {0}.
(2) Let X = (x1, . . . , xd) ∈ Z
d non zero i.e there exists i ∈ {1, . . . d}
such that xi 6= 0. Using an element of SL(d,Z), we can suppose x1 ≥ 1.
Consider p, q two distinct primes, and a, b ∈ Z such that bp − aq = 1. We
have A =
(
p q
a b
)
∈ SL(2,Z) and the map v ∈ Z2 −→ Av ∈ Z2 is an
isomorphism. Therefore, there exist α, β ∈ Z such that A
(
α
β
)
=
(
x1
x2
)
. It
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implies that αp + βq = x1.
For fixed integers K > 1, p > max{|x1|,K + 1} and q > p!, we have
|α| =
|βq − x1|
p
≥ |
βp!
p
−
x1
p
| ≥ |β|(p − 1)! − 1 ≥ K!− 1 ≥ K.
Consider the generating set of Zd with 2d elements: S(p,q) = {±v1, . . . ,±vd}
where v1 = (p, a, 0 . . . 0), v2 = (q, b, 0 . . . 0), v3 = (0, 0, 1, 0, . . . 0), . . . ,
vd = (0, 0, . . . , 1).
With respect to generating set S(p,q), we have
X = αv1 + βv2 +
j=d∑
j=3
xjvj.
For every K > 1, consider (p, q) as above. We have
lS(p,q)(X) = |α|+ |β|+
j=d∑
j=3
|xj | ≥ K.
This implies that for d ≥ 2 and m ≥ 2d, Gbound(m) = {0}.

Proposition 3. Let G =< a, b, c| [a, b] = c, [a, c] = [c, b] = 1 > be Heisen-
berg’s group. We have:
(1) Gbound(4) = Z = Z(G) the center of G.
(2) For d ≥ 6, Gbound(d) is trivial.
Proof. (1) Let S = {x±1, y±1} be a generating set of G. Denote z = [x, y].
Since G is nilpotent of degree 2, ∀g ∈ G, we have [[x, y], g] = [z, g] = e. This
implies that z ∈ Z(G) = Z.
We know that G/Z(G) = Z2. It induces a surjective homomorphism:
pi : G −→ G/Z(G) = Z2.
We want to show that Z(G) is generated by z = [x, y].
It is known that Z(G) is generated by c = [a, b] with the presentation above.
We have z ∈ Z(G) = Z and c a generator of Z(G). It follows that there
exists an integer i such that z = ci.
Let us show that g = xαyβ with αβ 6= 0, is not an element of Z(G).
The set pi{x±1, y±1} is a generating set of G/Z(G) = Z2. For (α, β) 6= (0, 0),
pi(g) = αpi(x) + βpi(y) 6= 0. It implies that g is not an element of Z(G).
Therefore, for every element g ∈ G, there exist α, β, γ ∈ Z such that g =
xαyβcγ .
We can write a = xα1yβ1cγ1 and b = xα2yβ2cγ2 . It follows,
[a, b] = xα1yβ1xα2yβ2y−β1x−α1y−β2x−α2
= (xα1yβ1x−α1y−β1)(yβ1xα1xα2y−β1x−α1x−α2)
xα2xα1yβ1yβ2y−β1x−α1y−β2x−α2
Since G is nilpotent of degree 2, for every x, y ∈ G and α, β ∈ Z, we have
[xα, yβ] = xαyβx−αy−β = [x, y]αβ .
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It follows that:
xα1yβ1x−α1y−β1 = zu1 ,
yβ1xα1xα2y−β1x−α1x−α2 = zu2 .
xα1yβ2x−α1y−β2 = zu3
Where u1 = α1β1, u2 = −β1(α1+α2) and u3 = α1β2. We denote j = u1u2u3.
Using these equations in the expression of [a, b], we obtain the following:
[a, b] = zu1u2xα2(xα1yβ2x−α1y−β2)x−α2
= zu1u2u3 = zj
Accordingly, cij = c. This implies that |i| = 1 and z generates Z(G). It
follows that for every generating set S of G with 4 elements, lS(c) ≤ 4. As a
result Z(G) ⊂ Gbound(4). We recall that Gbound(4) ⊂ FC(G). We will show
that FC(G) = Z(G).
It is known that every element of G has a unique expression of the form
g = aibjcl where i, j, l ∈ Z. Therefore,
if j 6= 0, then ∀n ∈ Z,
an(aibjcl)a−n = ai(anbja−n)cl.
Since anbja−n = cnjbj, it follows that
an(aibjcl)a−n = ai(cnjbj)cl = aibjcl+nj.
If i 6= 0, then ∀n ∈ Z we have
bn(aibjcl)b−n = aibjcl−ni.
Consider h = anbmck a non-trivial element. We have
hgh−1 = anbmaibjclb−man
= an(bm(aibjcl)b−m)an
= an(aibjcl−mi)a−n
= aibjcl−mi+nj
It implies that elements which are not in Z(G) have an infinite number of
conjugates. So, they are not in FC(G). We conclude that FC(G) = Z(G).
(2) We know that Gbound(6) < FC(G). Consider two prime number p, q.
The set S = {a±p, a±q, b±1} is a generating set of G. Let us prove that
for every n ∈ Z, cn 6∈ Gbound(6). For every u, v ∈ Z such that uv = n we
have cn = [au, bv]. There exist αu, βu ∈ Z such that αup + βuq = u. It
follows that cn = [au, bv ] = aαup+βuqbva−αup−βuqb−v. Consider A the set of
divisors of n. This set is finite. We have lS(c
n) ≥ min{|αu|+ |βu| | u ∈ A}
which tends to infinity when p tends to infinity. Since for every d ≥ 6,
Gbound(d) ⊂ Gbound(6), we conclude that Gbound(d) is trivial for d ≥ 6.

Corollary 8. The Heisenberg group has trivial Gbound.
Proof. It follows from Gbound = ∩d≥m(G)Gbound(d) and Gbound(6) is trivial.

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